It is shown that the Hardy-Littlewood maximal function on the unit sphere in n-space is weak-type (1,1) with a weak-type constant en where c is independent of n.
where S(x, /) = {J;G S n~ι : \x -y\ < t and χ S(x /} is the characteristic function of the set S(x, t).
The symbol c will stand for a positive constant that may be different at different appearances but will always be less than 10 6 . Before we prove the theorem, we establish four lemmas.
Proof. By (1) and (2), it is enough to bound 1
P{rx 9 y)\S{x 9 t)\
1-yU
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for every y e S n~ι . Since χ S ( X , t ) is supported on S(x, t) and equals 1 there and P(rx, y) decreases as \x -y\ increases, it is enough to bound
P(rx,y)\S(x,t)\
for every y such that \x -y\ = t with 0 < t < 2. Using spherical coordinates it is easy to see that
\S(x 9 t)\=ω n _ 2 sin"-2 udu
2arcsin(//2) _S 1Π
U COS Udu as long as 0 < t < yfl. By the law of cosines it is a straightforward calculation to verify that
From this we obtain
In this case we obtain
Finally if ^2(1 -1/n) < ί < 2, pick r = 1/n and observe that 2 ω »-i |5(x, 01 ^ «"_! whenever /2(1 -l/«) < / < 2 which gives (6) / < c.
Inequalities (4), (5), and (6) imply the conclusion of the lemma. for 0 < λ < oo.
"/(x) dμ for λ > 0 where
This result is stated and its proof is outlined in Herz's paper ( [3] , p. 231). In order that this paper will be self-contained, we provide a different proof of the lemma.
The solution to the initial-value problem dv/dt = Δ s v for 0 < / < oo and υ(x, 0) = f(x) is clearly which is well-defined for any Schwartz function / satisfying |/ (α) (x)| < TV | α| for some N > 0. We claim that
as we now demonstrate. Letting r = e~λ and recalling (7) we can rewrite (10) as
It is obvious that u(x) = f(x).
If we express the Laplacian in R n , Δw, in the form:
(12) Δ = r~"l and then calculate Δu(rx) we immediately see that Δw = 0 which establishes (10). By (9), (10), and the symbolic calculus it is sufficient to show that
for any negative number b since the spectrum of Δ s lies on the negative real axis (see [5] , p. 70). It is elementary to show that the function on the right hand side of (13) 
One easily calculates from (8) that
In his paper [3] , Herz claims that f dp.
is bounded independent of λ. In point of fact, (15) dφ dμ is best possible. Luckily, this is sufficient for our purposes. Since
In the definition of φ, we observe that φ > 0 and furthermore fφdμ = 1 as can be seen from (13) There follows the inequality:
To bound M, express μφ as (17) μφ(μ,λ) = where ^4 = aλ and t = aλ~ιμ. By taking the derivative of the right hand side of (17), it is easy to check that its maximum is taken on when
It is trivial to verify that x 0 = O(A) when 0 < A < 1 and x 0 = 0(1) when A > 1. Substituting these estimates for x Q into (17) gives M < cA ι/2 < cjnλ which in turn implies (15) as we wished to show. Substituting inequality (15) into (14) gives
Recall that u(e~λx) = P λ f(x) from which there follows u(rx) < c(l + \jn ln(l/r) )M τ f(x). Lemma 1 implies that
Mf(x) < c n ^sup |l + ^ ln|l/|l --^-JJJ,
which can be simplified to Mf(x) < cnM τ f(x) as we wished to show.
Proof. It is a result in diffusion theory (see Ch. IX, p. 252, [2] ) that
for any x e S" 1 " 1 . Since w(x, λ) = AΓ λ (jc, j/) is the solution to the initial value problem du/dλ = Δ 5 w and u(x,0) = δ y (x) where δ^ is the delta function centered at y 9 then by the symmetry of the sphere K λ (x, y) = κ x(y>*)• Equation (19) Vy-i
